The proofs of the fixed-point KRT and of the original KRT are reproduced by using as indexes character strings instead of numbers, leading to the conclusion that these proofs always yield empty functions.
Introduction
We reproduce in this paper, using as indexes character strings instead of numbers, a standard proof of the fixed-point version of the KRT, and the proof of its original version; these reproductions have the advantage that they allow actual calculation of the generated functions, but the functions that they generate turn out to be empty.
This fact, coupled with the fact the standard proofs neither allow actual computation of the resulting functions, nor examine if these functions are nonempty, plus the fact that it can be shown that the fixed-point version of the KRT is invalid if restricted to nonempty functions, leads to the conclusion that the standard proofs of the KRT always generate empty functions. 
String indexes
In this paper we will use string variables as well as numerical ones; string variables will be marked by single quotes or by overbars.
As string indexes we simply define the text that describes a function or an algorithm, with placeholders that must be replaced by actual variables or constants before the function can be run. We will use the first few letters of the alphabet, a, b, c, ... , as symbols for placeholders.
For example, the function f (x, y) will have the string index
If two string indexes p and q describe the same function, we will write a and b are placeholders, U is the Universal Function. We will then have:
to the index computing function ρ(u) in [2] ,
, result of running the function.
Also, given a one-string-variable total f that returns a string (analogous to f in [2] ), define
and
We will then have
which means
completing a proof that mimics the proof of the theorem in [2] , but with the important difference that here a computer program can be written that could actually execute the above steps.
Will this program, for some given f and x, be able to calculate a result?
The answer is no, because, as is evident from the above, the right-hand side of (1) contains the placeholders a and b, but no replacement value is specified for a -since v contains a the replacement (a = v) done above does not eliminate a -, so that the program will only be able to report an error.
This string index proof and the standard index proof in [2] are quite similar, yet lead to different results, so one can raise the question, exactly where they diverge. It is not hard to answer this: it is in the definition of m, which, using string indexes, is
while, using standard indexes, it is
In (2), v contains a, which still persists in U (m, x), correctly indicating that there is a problem, while in (3) the numerical variable u of ρ(u) is set equal to the index v, ignoring the fact that, since indexes are just names for function texts, if the text that corresponds to v contains any placeholder that in U (m, x) is undefined, U (m, x) will be an empty function.
A proof that the fixed-point KRT fails if not allowed to yield empty functions
We first prove this by using standard indexes.
We define an infinite class of functions f (w), as follows:
1. Let w be the index of the general one-variable total or partial computable function U (w, x).
For a given total single-variable g, consider the composite function
h(w, x) := g(U (w, x)) , of index u, an index that, for a given g, is a constant.
3. By using the function S 1,1 , convert h(w, x) into a computable function of x alone, of index S 1,1 (u, w), an index that, since u is a constant, is a total computable function f of w. The standard way of restoring validity to the theorem is to argue that the functions ϕ m (x), generated by it for each such g, are empty (see Endnote).
However, if, as is done in [4] , p. 190, KRT is claimed to be valid for nullary functions, then this rescue method fails, because it would require using the unacceptable concept of empty numbers.
Using string indexes, the above proof becomes much shorter and describes the situation much better:
The function f(w) effects a transformation of the string w; if that transformation changes w to g(U (w, x)) , where g is any total function g(y) for
String indexes and the proofs of the KRT 461 which g(y) = y has no solution, then, clearly, the theorem must fail at every point x where U (w, x) is defined.
A string index proof of the original KRT
We use as basis the proof in [3] , p. 352, choose n = 1.
We define (note that in our system U (f, f ) is analogous to Kleene's
in [3] , the puzzling y s in Kleene's expression are just placeholders), and e :∼ U (f, f ) (analogous to e := S 1,1 (f, f ) in [3] ).
or, replacing the first f in (4) by its definition, ψ( U (a, a) , b) ,
completing a proof that mimics the proof of the theorem in [3] , but with the important difference that here a computer program can be written that could actually execute the above steps.
Will this program, for some given ψ and x, be able to calculate a result?
The answer is no, because, as is evident from the above, the right-hand side of (4) contains the placeholders a and b, but no replacement value is specified for a -since f contains a the replacement (a = f ) done above does not eliminate a -, so that the program will only be able to report an error.
Conclusion
By using string indexes, we have shown that the functions generated by a typical proof of the fixed-pont version of the KRT, as well as by the proof of the original KRT, are always empty. Consider the following definition of a function ϕ e in terms of a given computable function f :
The function ϕ e is defined effectively in terms of an algorithm for computing itself (coded by the number e). In spite of its appearance as a circular definition, we are told by the Recursion Theorem that there are computable functions ϕ e satisfying such a definition.
Another example: Rogers, in [5] , pp. 179-222, has a detailed discussion about the theorem, where he does not mention that the functions generated by it could be empty, although his argumentation obviously requires that these functions are not empty.
An exception is Hennie, who in [2] , p. 40, states:
The functions supplied by the theorem need not be total, or even nonempty.
